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Abstract 

A unifying, quantitative analytical framework has 
been developed for rhombohedral perovskite struc- 
tures, AB03. Three principal parameters are defined: 
polyhedral volume ratio, VA/VB, mean octahedral tilt 
angle, (to), and octahedral distortion, As. The first 
two of these parameters are directly related through 
the equation VA/Vs = 6Kcos2(to)- 1, with K prac- 
tically invariant between all crystal structures. The 
four permutations of zero or non-zero (to) with zero 
or non-zero As are related to the four space groups 
in which rhombohedral perovskites crystallize, R3m, 
R3c, R-3m and R-3c. The most general space group is 
R3c, which can accommodate non-zero values of 
both (to) and As. The structural driving force for 
non-zero As values (i.e. octahedral distortion) is 
examined by the bond-valence method, with the 
rationalization that octahedral distortions provide a 
mechanism for B-ion displacements which are 
parallel to one another and to the hexagonal z axis. 
Calculations of electrostatic energy further reveal the 
extra stabilization to be obtained by the adoption of 
electric dipole moments and parallel A- and B-ion 
displacements. It is these displacements which give 
rise to the ferroelectric properties of rhombohedral 
perovskites. The analysis is applied to the PZT 
system (PbZrO3-PbTiO3) and to the PbZrO3- 
BaZrO3 and PbZrO3-SrZrO3 systems. The influence 
of chemical composition on the relative stabilities of 
competing rhombohedral, orthorhombic and tetra- 
gonal phases is discussed, as is the physical basis of 
the morphotropic phase boundary in PZT. A method 
is also defined of predicting the temperatures at 
which the rhombohedral low-temperature phase in 
PZT transforms to the rhombohedral high-tempera- 
ture phase, for a range of compositions. 
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Introduction 

The geometrical relationships governing the struc- 
tures of rhombohedral perovskites, AB03, have been 
the focus of previous work (Michel, Moreau & 
James, 1971; Megaw & Darlington, 1975). The struc- 
tural feature of most interest is the possible occur- 
rence of B O 6  octahedral tilting, since this is thought 
to influence the ferroelectric, piezoelectric and 
electro-optic properties which can be shown by this 
class of materials. With the assumption of regular 
BO6 octahedra, Michel et al. derived a relationship 
between hexagonal axial ratio c/a, octahedral tilt 
angle to and rhombohedral cell angle a. A further 
relationship was derived, linking c/a with the posi- 
tional parameter x of the anion [x, 0, ]] in position 
18(e) (R3c, hexagonal). Megaw & Darlington sub- 
sequently proposed a more general parametrization, 
accommodating octahedral distortions and cation 
displacements explicitly. They considered the inter- 
relationship between ,4-cation size, tilt angle, octahe- 
dron strain, and ,4- and B-cation displacements, and 
concluded that 'a single 'explanation' will not suffice 
for compounds so varied as the rhombohedral 
perovskites, in spite of their similar geometry.' 

In this paper, however, it is shown that a single 
'explanation' can indeed be given of the structures of 
rhombohedral perovskites. In particular, the ratio of 
the polyhedral volumes of the ,4- and B-cation 
polyhedra, VA/VB, can be correlated directly with 
octahedral tilt angle, to. Whereas Megaw & 
Darlington failed to find a universal relationship 
between cation sizet and tilt angle, such a rela- 
tionship is derived in this work, where V~IV~ is 
expressed as a function of to. The effect of octahedral 

t Megaw & Darlington (1975) used the parameter (rA + ro)/! as 
a measure of 'ionic size', where r~ and ro are the radii of A cations 
and oxygen anions, and l is the octahedron edge length. 
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distortion on Va/Va is explicitly accommodated, and 
the link between octahedral distortion and B-ion 
displacement is elucidated by means of bond-valence 
analysis. 

Method of calculation of to, VA and Vs 

There are essentially two approaches towards calcu- 
lating the octahedral tilt angle to. The first of these 
would be to employ the known relationships linking 
to with oxygen ion positional parameters (Megaw & 
Darlington, 1975). Alternatively, it is possible to 
construct three-dimensional computer-models of the 
structures, and to derive to using methods of vector 
analysis. The latter approach was adopted here, since 
the associated molecular graphics techniques are 
helpful in visualizing structural features. 

The occurrence of octahedral tilting in rhombo- 
hedral perovskites A B O 3  is shown in Fig. 1, for the 
case where all the triangular BO6 octahedral faces are 
of equal edge-length. The influence of tilt angle on 
the geometry of A-ion coordination is emphasized in 
this figure. It is also possible for there to be two sets 
of triangular edge lengths, as shown in Fig. 2 for an 
arbitrary tilt angle, with an exaggerated inequality in 
triangular edge lengths. In general, the degree of 
irregularity in octahedral edge lengths is small, so it 
is appropriate to represent the two lengths as s + As 
and s - As, with As the magnitude of the deviation of 
the edge lengths from a mean edge length, s. 

N N 

Fig. 1. Projections of  the rhombohedral perovskite structure 
viewed along the z direction in hexagonal axes: (a) to = 0°; 
(b) to = 15°; (c) to = 30°; (d) to = 45 °. The triangles represent 
co-planar faces of  the BO6 octahedra, which lie in the xy plane; 
A ions are represented as circles at the comers of  the hexagonal 
unit cell, with the edge lengths of  all triangles equal. In dia- 
grams (b), (c) and (d), triangle A G F  is rotated by + to about its 
centre and triangle ABH by - t o  with respect to the 0 ° orienta- 
tions in diagram (a). Thus, angle BCD = 120 ° - 2to and angle 
ABC = 120 ° + 2to. The structure depicted in diagram (d) is not 
found in practice, since this is associated with concave A-ion 
coordination polyhedra (ABCDEF, in projection). Thus, there 
is an upper limit of  to = 30 °, as shown in diagram (c). 

In Fig. 2 the larger octahedra are rotated clock- 
wise and the smaller octahedra anticlockwise with 
respect to their untilted positions, but the inequality 
in edge lengths causes their respective angles of 
rotation to be unequal. If the angle of (clockwise) 
rotation of the larger octahedra is denoted by a and 
the angle of (anticlockwise) rotation of the smaller 
octahedra denoted by f l ,  L X Y C  = a and L Y X C  = ft .  
Since X C  = (s - AS)/2 and Y C  = (s + AS)/2, it follows 
that 

(s + As) sin a = (s - As)  sin f l  (a,fl  > 0). (1) 

Note that when As = 0, fl is equal to a,  i.e. both sets 
of octahedra are rotated by equal angles, but in 
opposite senses. Although in general a ~ fl, the 
smallness of typical As values suggests that it is 
appropriate to define a mean tilt angle, (to)= 
( a  + f l ) /2 .  (to) can be inferred directly from L A B C  
and L B C D  in Fig. 2. It can be seen from simple 
geometry that L A B C  =120  ° + ( a + f l ) = 1 2 0  ° +  
2(to) and that L.BCD = 120 ° - (a  + fl) = 120 ° - 2(to). 
Straightforward vector analysis enables these angles 
to be evaluated computationally (Thomas, 1992). 

Values of VA and Vn were calculated with a com- 
puter algorithm, as described previously (Thomas, 
1991a). For the purposes of the present analysis, the 
coordination number of the A-ion is taken to be 12 
in all structures. This is the natural choice in systems 
of low tilt angle, where a coordination cubocta- 
hedron is formed, but not so obvious in systems with 
higher tilt. In Fig. l(a), a cuboctahedron may be 
formed by taking co-planar vectices A, B, C, D, E 
and F and imagining two further triangles, one above 
the plane and one below (Thomas, 1991b). As the tilt 
angle is increased (to is equal to 15 ° in Fig. lb and 
30 ° in Fig. l c), vertices B, D and F coordinate the 
A-ion more closely than vertices A, C and E. Thus, 
the inplane coordination number falls from 6 to 3, 
with a corresponding reduction in three-dimensional 
coordination number from 12 to 9. For the purposes 

C ¥ . . .  

Fig. 2. Sketch of the structure for an arbitrary tilt angle, with BO6 
octahedra of unequal edge lengths. The straight line X Y Z  (of 
length equal to the lattice constant a) links mid-points of  the 
sides of  three triangles, with the angles within the triangle X Y C  
defining tilt angles a and ft. 
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of calculating VA, however, it is appropiate to regard 
the coordination number as fixed at 12. This decision 
has been made for two reasons. First, a direct com- 
parison between VA/Vn ratios is to be made, and any 
dependence of VA on coordination number would 
invalidate this. Secondly, a unique feature of perov- 
skites is that the B-ion octahedra and A-ion 
cuboctahedra pack in such a way as to fill space. 
This permits a direct and useful relationship between 
coordination polyhedral volumes and unit-cell 
volumes (Thomas, 1989), which would no longer 
hold if an A-ion coordination number of less than 12 
were adopted. In effect, void space would be intro- 
duced into the structures, an unnecessary compli- 
cation. 

Theoretical var&tion o f  VA/Vn with to 

If Fig. 2 is considered, it is seen that the length of 
line X Z  is equal to the unit-cell constant, a. Since 
X Z  = 2(XY), it follows that 

(s + As) cos a + (s - As) cos/3 = a. (2) 

As simplification of this equation is not straight- 
forward, the development is best continued by con- 
sidering the case when a =/3( = (to)). This condition 
is met whenever a =/3 = 0 (therefore, (to)= 0) or 
whenever the octahedral edge lengths are equal [As = 
0, from (1)]. In such an instance, (2) reduces to 
2s cos (to) = a. This result can be generalized to layers 
with (to)> 0 and As ~ 0 by the introduction of a 
factor K, such that 

a = 2Ks cos (to). (3) 

Thus, K is equal to unity for structures with As = 0 
or (oJ)= 0, and equal to a/2s cos (to) in general. 

The volume of an octahedron with trigonal sym- 
metry can be expressed in terms of the edge lengths 
of the two equilateral triangular faces perpendicular 
to the triad axis, and the separation of these 
(Thomas, 1991 b) 

Voct = (3 ' / 2d ) /12 (A  + B) 2, (4) 
where A and B are the edge lengths of the two 
triangular faces and d is the separation of the two 
parallel faces, assumed to be equal to c/6, where c is 
the hexagonal cell constant. This step is a recognition 
that, in the vast majority of structures, the number of 
formula units in the unit cell, Z, = 6. Although the 
R3m structures have Z equal to 3, a straightforward 
doubling of length of the z axis is all that is required 
for Z to equal 6. It is also adequate to assume that 
the successive layers of oxygen ions perpendicular to 
the z axis are equally spaced. This is generally the 
case, apart from small deviations in a few structures. 
In structures with unequal edge-lengths, it is 
observed that A = s -  As and B = s + As, since the 

two faces perpendicular to the z axis consist of one 
larger and one smaller face. Thus, the octahedral 
volume of the B cations, Vn, = 3~/2cs2/18. Given that 
the volume of the unit cell is equal to 31/2a2c/2, Z = 
6, and the A and B polyhedra fill space, it follows 
that 

VA = (31/2a2c)/6.2 -- (31/2CS2)/18. (5) 

On substituting for s in terms of a and to from (3), 
and simplifying the algebra, the following rela- 
tionship is obtained 

VA/Vn = 6K 2 cos 2 < t o >  - -  1. (6) 

This relationship links the polyhedral volume ratio 
VA/Vn directly with the tilt angle to. The exact value 
of K is given by (3), with K either exactly or approxi- 
mately equal to 1. 

Examination of experimentally determined structures 

Table 1 gives the calculated values of VA, Vn, V~/Fn 
and (to) for 29 rhombohedral structures retrieved 
from the Inorganic Crystal Structure Database 
(ICSD). Other columns contain the temperatures of 
the samples at which the diffraction data were col- 
lected, rhombohedral lattice strain, 9 0 -  a, s, As, 
unit-cell constant a, and the value of K, as calculated 
from (3). 

The relationship between (to) and VA/VB 

The validity of the relationship between (to) and 
VA/VB proposed in (6) may be investigated by plotting 
the experimental VA/VB ratios against (to) for all the 
structures in Table 1 (Fig. 3). The curve which is 
fitted corresponds to the function 6cos 2 ( to ) -  1, i.e. 
(6), with K =1 .  Since K is so close to 1 in all 
structures (see Table 1), it is not surprising that this 
curve is an excellent fit. 

Owing to small deviations from idealized equi- 
spacing of oxygen layers in some structures, some of 

5 . 0  - - ~  - . ~  . 

4 . 5  - ~ 

4 0  - 

3 5  • 

0 10 20 30 

Tilt angle (°) 

Fig. 3. Plot of VA/VB versus tilt angle, to. The theoretical variation 
[(6), with K= 1] is represented by the continuous line, with 
experimental points (see Table 1) represented as small squares. 
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the calculated VA and V~ values in the table are 
averages. This is not of any significance, however, 
since deviations from the average are so small, 
typically 0.001 A 3 in V8 values and 0.01 /~3 in VA 
values. From (6), the range of allowed tilt angles 
between 0 and 30 ° implies that the range of allowed 
VA/VB ratios corresponds to 3.5 ___ VA/V~<_ 5. Note 
that the maximum experimentally observed value of 
(to) is found in LiNbO3, with (to)= 23.262°; the 
corresponding VA/VB ratio is 4.065. 

Space group 

As discussed previously (Megaw & Darlington, 
1975), the predominant space groups in 
rhombohedral perovskites are 160, 161 and 167 
(R3m, R3c and R3c, respectively), with PrA103 crys- 
tallizing in space group 166 (R3m). The particular 
space group adopted reflects the geometrical rela- 
tionship between the oxygens ions in successive 
layers. In space group 160, successive AO3 layers are 
generated merely from the translations associated 

r l 2 21 r 2 1 11 with hexagonal axes, t~,~,~J and t~,~,~J, giving three 
,403 layers per unit cell. In the other three space 
groups, the (x,y) coordinates in adjacent ,403 layers 
are related by a rotation, reflection or inversion 
operation. In R3c (161), this operation corresponds 
to reflections in the (110) plane, in R3m (166) an 

inversion, and in R-3c (167) a 180 ° rotation about the 
z axis. The incorporation of this operation in addi- 
tion to the hexagonal translations necessarily 
increases the number of layers in the unit cell to six. 

Fig. 4 demonstrates the four possible geometrical 
relationships between adjacent AO 3 layers. For illus- 
trative purposes, the ,403 layers are made up of two 
differently sized 03 triangular faces, with one side 
two thirds the length of the other. A mean tilt angle 
of 19 ° has also been chosen. In Fig. 4(a), a simple 
hexagonal translation relates the two layers, as in 
space group 160 (R3m). It is seen that the larger 
triangular faces always lie above the smaller faces, so 
that all the octahedra are geometrically equivalent. 
However, the non-zero tilt angle gives rise to dis- 
torted octahedra, which would be structurally 
unfavourable. It is concluded, therefore, that space 
group 160 is appropriate for structures with As ~ O, 
provided that the tilt angle is zero. This conclusion is 
borne out by all the structures in Table 1 with the 
R3m space group, where (to) = 0 and As ~ O. 

In Fig. 4(b), the adjacent layers are related by a 
(110) reflection plus translation, as in space group 
161. As in Fig. 4(a), the 9 0 6  octahedra are formed 
by one smaller and one larger 0 3 triangle (As ~ 0). In 
this case, the angular dispositions of the oxygen 
octahedral vertices are more regular, in spite of the 
tilting. It is concluded, therefore, that space group 

:.. ,'.. . :  . ' , 

(a) (b) 

,^, ,^, 
' ' , ,  

x - "¢-'- 

," 

(c) (d) 

Fig. 4. The relative disposition of 
two adjacent AO3 layers with As 

0 and (to)m 0, represented as 
03 triangular faces of the BO6 
octahedra. The lower layer (full 
lines) and the upper layer 
(dashed lines) can be related by 
four different symmetries: (a) 
hexagonal translation (as in SG 
160); (b) (110)-reflection + trans- 
lation (as in SG 161); (c) 
inversion + translation (as in SG 
166); (d) 180 ° rotation about the 
z axis + translation (as in SG 
167). 
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Table 2. Summary of  values o f  (oJ) and As in space 
groups R3m, R3c, R3m and R3c 

Space 
g roup  N u m b e r  Al lowed values o f  (o~) and  As 
R3m 160 (w) = 0 As ~ 0 
R3c 161 (w) ;~ 0 As ~ 0 
R3m 166 (w) = 0 As = 0 
R3c 167 (o~) ~ 0 As = 0 

161 (R3c) is appropriate for structures with a non- 
zero tilt angle and unequal octahedral edge lengths, 
i.e. when both (w) and As are non-zero. 

In Fig. 4(c), the two AO3 layers are related by 
inversion and translation, as in space group 166 
(R3m). Not only are the octahedral vertices at 
irregular angles as a result of the tilting, but smaller 
faces lie above smaller faces and larger above larger. 
Thus, if As were non-zero, the volumes of the two 
types of octahedron would differ. Since both of these 
are unfavourable structural features, it is argued that 
space group 166 is associated only with structures 
with a zero tilt angle and zero As. This is borne out 
by the PrA103 structure in Table 1. 

In Fig. 4(d), successive AO3 layers are related by a 
rotation followed by a translation, as in space group 
167 (R-3c). The formation of octahedra from (large + 
large) and (small + small) faces dictates that As = 0, 
but (w) can be non-zero, as the angular geometry of 
these octahedra is regular. 

The above conclusions are summarized in Table 2. 
The significance of non-zero values of As for the 
occurrence of B-ion displacements is brought out in 
the following section. 

Cation displacements and octahedral distortions 

A further feature of these structures concerns the 
displacements of the A and B cations relative to the 
centres of coordinates of the coordination polyhedra. 
These are crucial to the occurrence of ferroelectricity 
(and related phenomena) in rhombohedral per- 
ovskites. 

The magnitudes of the cation displacements are 
quoted in Table 3, in the columns headed AzA and 
AzB. All non-zero displacements are parallel to the 
threefold axis (the z axis), with A- and B-ion dis- 
placements parallel to each other. In order to moni- 
tor the short-range forces governing cationic 
displacements, use is made of the bond-valence 
method, with the results also quoted in Table 3. The 
bond-valence parameters employed correspond to 
the (Ro,N) formalism, i.e. bond strength s =  
(R/Ro) -N, wherever the appropriate parameters are 
available (Brown, 1981). In other cases, (ro,B) 
parameters have been used in connection with the 
relationship s = exp[(ro - r)/B], with values of ro and 
B taken from Brown & Altermatt (1985). The (Ro,N) 

parameters were found, in general, to give more 
realistic valences for the structures in Table 3, parti- 
cularly with respect to the A ions. 

The columns headed VA and VA,cen in Table 3 
contain valences calculated by the bond-valence 
method for the A ions at their experimentally 
determined positions and at the centres of coordi- 
nates of their 12-fold coordination polyhedra. Thus, 
in all cases where AzA = O, vA = vA.~en. A considera- 
tion of VA,cen values reveals that a valence deficiency 
for the cation at the centre of its coordination 
polyhedron (i.e. VA.cen < ViOlaS) gives rise to a dis- 
placement of that cation (i.e. AzA ;~ 0). For example 
in BiFeO3, Va.c~,=2.5171, corresponding to a 
valence deficiency of 0.4829 against the idealized 
bismuth valency of 3. Following a displacement of 
AZ A = 0.6337 A, this deficiency is reduced to 0.0516 
(VA = 2.9484). Conversely, a valence excess of an A 
cation at the centre of its coordination polyhedron 
(VAx~n > Vid~al) is generally associated with no off- 
centre displacement, i.e. AzA = 0. This is found in 
HgTiO3, NdA103 and PrA103. Exceptions to these 
generalizations are found in KNbO3, where the 
available bond-valence parameters give rise to valen- 
ces which are too high, and in the structures of 
LiUO3 and LiNbO3, where the large values of Az~ 
entail significant changes in coordination as the lith- 
ium cation is displaced from the centre of its 12-fold 
coordination polyhedron. 

The B-ion valences for PZT compositions are con- 
tained in six columns, rather that two, reflecting the 
statistical occupation of B sites by both zirconium 
and titanium ions. Thus, the columns headed vB.~ 
and vB,2 list zirconium and titanium valences, respec- 
tively, with the (vs) column containing an averaged 
valence of x.vB,~ + ( 1 -  x).vB.2 for the composition 
Pb(ZrxTil_x)O3. The three right-hand columns with 
a 'cen' subscript list calculated valences for the B 
ions when situated at the centres of coordinates of 
their octahedral coordination polyhedra. 

Three basic patterns are observed: structures for 
which (i) VB.cen < VB, (ii) V8 .... = VB and (iii) vs.c~n > 
vn. Structures in the first category are KNbO3, 
NaNbO3, LiNbO3 and PZT (0.9; ICSD No. 20 625). 
Of these four, KNbO3, NaNbO3 and PZT (ICSD 
No. 20625) have anomously high valences in one 
site, the A site in KNbO3 and the B site in NaNbO 3 
and PZT. It is likely, therefore, that the K - - O  
bond-valence parameters are inappropriate for 
KNbO3. However, the high values of (V s), 4.6993 for 
PZT (ICSD No. 20 625) and 5.6348 for NaNbO3, are 
suggestive of inaccurate crystal structures. This is 
particularly likely for the PZT structure, since a 
study of this composition at the same temperature by 
other workers (PZT, ICSD No. 1263) gives rise to an 
acceptable value for (vB) of 3.9615. Since in the third 
structure of the first category, LiNbO3, the magni- 
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Table 3. Displacements of  A and B ions, AzA and AzB, together with their calculated valences, both in 
experimentally determined positions and when located at the centres of  their coordination polyhedra 

Composi t ion  ICSD No. zlzA (A) zlzn (A) vA vA.~, vB,~ vna (vn) vn.~.o:, vn.2 .... (vB.~,) 
PZT (0.9) 1263 0.4559 0.1648 1.9304 1.7030 4.0816 2.8802 3.9615 4.1592 2.9276 4.0360 
PZT (0.9) 1264 0.4431 0.1619 1 . 9 1 7 6  1 . 7 1 9 8  4.0613 2.8667 3.9418 4.0974 2.8910 3.9768 
PZT (0.9) 1265 0.3842 0.1375 1.8101 1.6540 4.1513 2 . 9 2 3 1  4.0285 4.1868 2.9459 4.0627 
PZT (0.9) 1266 0.3711 0.1116 1.7813 1.6511 4.1696 2.9341 4.0461 4.1630 2.9326 4.0400 
PZT (0.9) 1267 0.2642 0.1042 1.7154 1.650 ! 4.1699 2.9344 4.0464 4.1583 2.9299 4.0355 
PZT (0.9) 1268 0.2106 0.0307 1.6927 1 . 6 5 1 6  4.1560 2.9288 4.0333 4.1609 2.9316 4.0380 
LaCuO3 3736 0.0000 0.0000 2.8006 2.8006 
KNbO3 3839 0.1268 0.2175 1.6347 1.6021 4.8601 4.6366 
LiTaO3 3843 0.6014 0.2017 0.9811" 0.9975* 4.9659 4.9726 
NdAIO3 4596 0.0000 0.0000 3.2946 3.2946 3.0959* 3.0959* 
BiFeO3 5525 0.6337 0.2344 2.9484 2.5171 2.9564 2.9845 
HgTiO3 7416 0.0000 0.0000 2.1991 2.1991 3.7590 3.7590 
PZT (0.58) 10309 0.2317 0.1324 1.9840 1.8326 4.6283 3.2052 4.0306 5 . 1 9 1 1  3.5116 4.4857 
NaNbO~ 13245 0.3476 0 . 2 7 2 1  1.1191" 1.0859" 5.6348 4.9703 
LiUO3 13598 1.0512 0.0000 0.7075* 0.7322* 5.8639* 5.8639* 
LiReO3 17290 0.3619 0.0000 1.0094" 1.0030" 
LiNbO~ 17292 0.6945 0.2787 0.9976* 1.023 i * 4.975 ! 4.8970 
NdAIO3 17685 0.0000 0.0000 3.2468 3.2468 3.1255* 3.1255* 
PrAIO~ 17790 0.0000 0.0000 3.0077 3.0077 3.2227* 3.2227* 
PZT (0.9) 20625 0.4936 0.2181 1.7999 1 . 6 7 3 4  4.8547 3.3010 4.6993 4 . 2 4 0 1  2.9748 4.1136 
PZT (0.75) 28925 0.4879 0.1717 2.0709 1.7797 4.2763 2.9995 3 . 9 5 7 1  4.4023 3.0738 4.0702 
PZT (0.75) 28926 0.4478 0.1431 1.9942 1.7478 4.3075 3.0198 3.9856 4.4184 3.0842 4.0849 
PZT (0.75) 28927 0.4041 0.1073 1.9429 1.7328 4.3298 3.0348 4 . 0 0 6 1  4.4464 3.1006 4.1100 
LaCoO3 25290 0.0004 0.0000 3.2856 3.2856 
LaCoO3 25291 0.0000 0.0000 3.2568 3.2568 
LaCoO3 25292 0.0000 0.0000 3. i 443 3.1443 
LaCoO~ 25293 0.0013 0.0000 2.9351 2.9351 
LaCoO3 25295 0.0013 0.0000 2.7108 2.7109 
LaCoO3 25296 0.0004 0.0000 2.6642 2.6642 

• Valence sum calculated with (ro,B) parameters  (Brown & Altermatt ,  1985). 

tude of AzB, 0.2787 A, is the largest of all the struc- 
tures, the observation that VBxen is less than vB can be 
attributed solely to this large displacement. 

It is concluded, therefore, that structures in the 
first category are an exception to a general rule for 
rhombohedral perovskites, which states that VB,cen----- 
VB. The structural basis for this rule lies in the 
octahedral distortions (As ~ 0) to be found in all the 
structures for which VB.c~n > vs. In a distorted octahe- 
dral environment of this kind, the B ion is displaced 
off-centre towards the larger octahedral face, of edge 
length s + As and away from the smaller face, of 
length s - A s .  If at the centre of its coordinating 
octahedron, the cation would have a higher calcu- 
lated valence, owing to shorter interaction lengths 
with the three oxygen ions in the smaller face. In 
moving off-centre, the interaction lengths with the 
oxygen ions in the smaller face are increased, 
whereas the interaction lengths with the three oxygen 
ions in the larger face, which are inherently longer, 
do not decrease sufficiently for v8 to increase relative 
to VB,ce n. 

The widespread occurrence of this octahedral dis- 
tortion in rhombohedral perovskites merits further 
consideration, since it has a direct influence on the 
occurrence of ferroelectricity in these compounds. As 
a consequence of the alternation between large and 
small octahedral faces within each AO3 layer (Fig. 4) 
and the displacement of the AO3 layers relative to 

one another, all of the larger faces, as drawn in Fig. 
4(b), lie above the smaller faces. Recall that Fig. 4(b) 
relates to space group R3c, in which both octahedral 
tilting and octahedral distortions can be accommo- 
dated. It serves, therefore, as a generalized case. 
Since a larger face always lies above a small face in a 
structure with octahedral distortions, it follows that 
all the B ions are displaced from their octahedral 
centres in the same direction, towards the larger 
faces (i.e. perpendicular to, and out of the plane of 
the paper). Thus, this octahedral distortion acts as a 
mechanism whereby all the B-ion displacements are 
constrained to be parallel to one another. A unique 
direction for the polar axis is thereby created by this 
'structural coupling' of B-ion displacements. 

Coupling between A and B cationic displacements: 
calculation of  electrostatic energies 

A further issue worthy of consideration relates to 
the displacements of the A ions from the centres of 
their 12-fold coordination polyhedra. As discussed 
above, VA.cen < VA, and the off-centre displacement is 
connected with obtaining calculated A-ion valences 
closer to ideal values. However, the bond-valence 
analysis relates to nearest-neighbour cation-anion 
interactions only, and the A ions can achieve idea- 
lized valences by displacements which are either 
parallel or antiparallel to the B-ion displacements. A 
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question arises, therefore, as to why the A-ion dis- 
placements are parallel to the B-ion displacements in 
these structures, so that both A and B ions contri- 
bute to the spontaneous polarization of these crystals 
in the same sense. 

To tackle this question, the electrostatic potential 
energy is now calculated in two representative 
rhombohedral perovskites, PZT (0.9; ICSD No. 
1263) and BiFeO3 (ICSD No. 5525). This energy is 
calculated by assigning point charges to ions, and 
evalulating the pairwise sum $1 =~j, ,k(qjqk)/rjk ,  
where j and k refer to different ions, and rjk is their 
interaction length. Note that this sum does not rep- 
resent the true potential energy of the crystal, since 
no account has been taken of the following two 
factors: (i) short-range electron-overlap repulsive 
forces and (ii) the departure of electronic charge 
distributions from spherical symmetry. Such 
departures will be due to partially covalent interac- 
tions and to the polarizability of valence orbitals. 
Whereas a partial accommodation of these factors 
could be effected by reducing the magnitudes of the 
point charges on anions and cations, there is no 
straightforward method of estimating the reductions 
required. The calculated electrostatic energies are 
thus to be interpreted only comparatively, as the sum 
S~ is adequate to reveal differences in the electrosta- 
tic stabilization of a structure as a given feature, such 
as A-ion displacement, is varied. 

Since electrostatic forces have a long range, the 
sum S~ converges very slowly, and an appropriate 
convergence acceleration technique is used. The 
method employed here was advocated by Williams 
(1971), with the following parametrization 

SI = Y. qjqkrjk - l EFRC(a) 
j ~ k  

+ 1/(2zrV) Y~ IF(hA)12h-~2exp(-bZ) - g Y ~ q  f .  
h a ~ 0 cel l  

(7) 

In the first term, qj and qk are ionic charges, rjk their 
separation; ERFC(a) is the complementary error 
function for the argument a, defined by 

a 2= 7rK2r~ • (8) 

K is a convergence constant, typically set to a value 
between 0.2 and 0.4. In this work, the energy sum is 
calculated with three values of K, 0.2, 0.3 and 0.4. In 
the second term, V is the unit-cell volume, F(hA) the 
structure factor at reciprocal lattice points hA, which 
is defined by 

F(h) = Z q j e x p ( -  2zrh.rj). (9) 
cel l  

The parameter b is given by 

b 2 = (rrh~)/K 2. (10) 

Table 4. Electrostatic energies calculated according to 
(7), f o r  three different values o f  the convergence 

constant, K 

C a l c u l a t e d  e l e c t r o s t a t i c  

e n e r g y  ( k J  m o l - i ) ,  

S y s t e m  K = 0 .2  K = 0 .3  K = 0 . 4  
P Z T  (0.9; I C S D  No.  1263) - 16640.443 - 16640.437 - 16640.437 
BiFeO3 ( I C S D  No.  5525) - 15890.434 - 15890.431 - 15890.432 
BiFeO3(d ipo le  m o m e n t s  zero) - 15654.888 - 15654.879 - 15654.879 

* A r e l a t i v e  p e r m i t t i v i t y ,  e,, e q u a l  t o  1 h a s  b e e n  a s s u m e d .  

The parameters K and qj, which appear in the third 
term, have already been defined. 

The electrostatic energy has been calculated for 
three static systems, (i) the experimentally 
determined structure of PZT (0.9; ICSD No. 1263), 
(ii) the experimentally determined structure BiFeO3 
(ICSD No. 5525) and (iii) BiFeO3 with Bi and Fe 
displacements along the former polar axis reduced to 
zero. Thus, the electrostatic energy in the absence of 
electric dipole moments is calculated. The results are 
quoted in Table 4 for three values of the convergence 
parameter K. The agreement between the values is 
indicative that the algorithm employed (Thomas, 
1993) is functioning correctly. In calculating these 
energies according to (7), rjk values up to a cutoff of 
8 A were taken for the first term, with reciprocal 
lattice vectors of magnitude up to 1 A-  l taken in the 
second term. These cutoffs are more than adequate 
to ensure convergence of the summation. In quoting 
the calculated energies in kJ mol-  l, a relative permit- 
tivity of one has been adopted. Although this is an 
underestimate, leading to calculated energies which 
are too large, this is a systematic error, which will 
not invalidate the comparisons to be made. 

By comparing values of electrostatic energy for the 
experimental structure of BiFeO3 and the simulated 
structure with dipole moments of zero (Table 4), it is 
clear that the existence of the dipole moments pro- 
vides an extra stabilization energy. A pointer to why 
A and B ionic displacements are parallel to one 
another is also given by calculations of electrostatic 
energy. The results are presented graphically in Fig. 
5 for PZT (0.9; ICSD No. 1263) and BiFeO3. The 
displacement on the abscissa refers to the distance of 
the A ion (Pb and Bi, respectively) from the plane of 
oxygen ions. Thus, a positive displacement signifies 
that the A- and B-ion displacements are parallel, 
whereas a negative displacement indicates anti- 
parallel A- and B-ion displacements. It is clear from 
both graphs that electrostatic energy considerations 
favour parallel A- and B-ion displacements, as is 
found experimentally. Clearly greater electrostatic 
stabilization could be achieved by larger A-ion dis- 
placements than are observed experimentally, but 
these would be at the expense of increased short- 
range ionic repulsions, which are not calculated here. 
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An overall picture of the creation of polar struc- 
tures in rhombohedral perovskites may thus be for- 
mulated. The distortion on the oxygen ions in the 
BO6 octahedra provides a means whereby all the B 
ions are displaced parallel to the hexagonal z axis 
without unfavourable short-range ionic interactions 
(as monitored by the bond-valence method). Greater 
electrostatic stabilization is associated with the for- 
mation of electric dipoles, as is the adoption of 
parallel .4- and B-ion displacements. 

It is likely that the extra electrostatic stabilization 
to be gained by the existence of dipole moments 
(AzB > 0) is a driving force for the observed octahe- 
dral distortions. This is supported by a bond-valence 
calculation on the PZT system (0.58), where the 
octahedral distortion, As, is greatest. If this structure 
were to adopt regular octahedra (As = 0) of volume 
equal to that of the distorted octahedra (11.236 A 3, 
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Fig. 5. Variation of electrostatic energy (7) versus displacement of 

A ions from the plane of oxygen ions for (a) PZT (0.9; ICSD 
No. 1263) and (b) BiFeO3 (ICSD No. 5525). The energies of the 
experimental structures are denoted by crosses. A positive dis- 
placement signifies that A- and B-ion displacements are parallel, 
and a negative displacement anti-parallel for A- and B-ion 
displacements. 

see Table 1), the six Zr/Ti interaction lengths would 
be equal to 2.035 A, with the corresponding weighted 
Zr/Ti bond-valence sum (VB)= 4.0531. Since this is 
virtually identical to the (VB) value of the actual 
distorted octahedron, 4.0306, it is inferred that short- 
range interactions do not favour the distorted octa- 
hedron any more than the regular one. It is only the 
increased electrostatic stabilization which can pro- 
vide a driving force for the octahedral distortion. 

Application of the analysis 

The above analysis has identified two significant 
features of rhombohedral perovskite structures: (i) 
the inter-relationship of tilt angle (to) and polyhedral 
volume ratio FA/lib [(6) and Fig. 3]; (ii) the occurrence 
of octahedral distortions (As # 0), and their associa- 
tion with off-centre cationic displacements and ferro- 
electric properties. It is important to remark that 
there is virtually no correlation between the tilting 
and distortion of the octahedra. Any coupling 
between the effects would be reflected in a value of K 
[as defined in (3)] significantly different from one. 
That such a deviation from unity is not observed 
implies that (to) can be regarded as essentially 
independent of As. 

The dependence of (to) on VA/VB implies that tilt 
angle may be chemically controlled, by varying the 
volumes of either the A-ion or the B-ion cation 
coordination polyhedra. Each of these possibilities is 
now considered separately, with the role of octa- 
hedral distortions discussed wherever relevant. 

Control of (to) by the variation of VB 

An obvious system in which to study the influence 
of V~ on (to) is PbZrO3-PbTiO3 (PZT), for which the 
temperature-composition phase diagram is given in 
Fig. 6 (Jaffe, Cook & Jaffe, 1971). The symbols have 
the following meanings: P,., cubic paraelectric phase; 
Ao, orthorhombic antiferroelectric phase; Fn (HT), 
rhombohedral high-temperature ferrolectric phase; 
FR(LT), rhombohedral low-temperature ferroelectric; 
Fr, tetragonal ferroelectric phase. The above analysis 
is relevant to the Fn(LT) and FR(HT) phases, to be 
found at the zirconium-rich end of the compositon 
range. 

The FR(HT) phase corresponds to structures in 
space group 160, i.e. PZT (0.9, ICSD Nos. 1265, 
1266, 1267, 1268), PZT (0.75, ICSD No. 28 927) and 
PZT (0.58). This space group can accommodate 
distorted octahedra (and, therefore, a dipole 
moment), but no octahedral tilting (see Table 2). 
Consequently the VA/FB ratio is fixed at 5 throughout 
the FR(HT) phase field. 

The Fn(LT) phase, by comparison, corresponds to 
structures in space group 161, i.e. PZT (0.9, ICSD 
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Nos. 1263, 1264) and PZT (0.75, ICSD Nos. 28925 
and 28926). This space group can accommodate 
both octahedral distortions and octahedral tilting. As 
the titanium content increases within the FR(LT) 
phase field, i.e. as the path from A to C in Fig. 6 is 
followed at room temperature, Vn fails, since Ti 4 + is 
a smaller ion than Zr 4+. Consequently VA/VB 
increases, and the tilt angle (to) falls. This trend is 
supported by the value of (to) for PZT (0.75; ICSD 
No. 28926), 3.078 °, which is smaller than the tilt 
angle in PZT (0.9; ICSD No. 1263) of 5.419 °. Recall 
that the data for the PZT (0.9; ICSD No. 20625) 
structure are thought to be erroneous, since the 
calculated (vB) valence is too high. This structure is, 
therefore, being disregarded in the present 
discussion. 

A clue to the physical basis of the morphotropic 
phase boundary (MPB), DE in Fig. 6, is provided by 
a consideration of the octahedral distortions in these 
structures. From Table 1 it is seen that As increases 
as the titanium content increases. As = 0.10089 in 
PZT (0.9), 0.11286 in PZT (0.75) and 0.33282 in PZT 
(0.58), the highest of all the structures in Table 1. 
Thus, in PZT (x = 0.58), which is close to the MPB 
occurring at x = 0.52, the closest O-O distances in 
the BO6 octahedra are equal to s - A s  = 2.536 A. 
This is close to the minimum allowed O-O separa- 
tion in metal oxides, which corresponds approxi- 
mately to 2.5 A. One might suppose, therefore, that 
as x is increased beyond 0.58, VB falls further, there- 
fore, s falls. If the trend in the variation of As 
continues, As will increase further, so that the 
FR(HT) phase will ultimately be associated with 
short, unfavourable O-O interactions. At a critical 
composition corresponding to the MPB, the tetra- 
gonal phase starts to be nucleated in preference to 
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Fig. 6. The temperature-composition phase diagram of the PZT 
system, Pb(ZrxTit x)O3 (after Jaffe, Cook & Jaffe, 1971). 

the rhombohedral phase, merely because it does not 
have the short O-O interactions which would occur 
in hypothetical FR(HT) phases with x _> 0.52. The 
observed invariance of the location of this phase 
boundary with temperature can also be rationalized 
in terms of a structural criterion involving repulsions 
between oxygen ions. The MPB is also further evi- 
dence for the importance of the electrostatic contri- 
bution from dipole moments in stabilizing these 
structures. In terms of short-range interactions alone, 
short O-O distances in the FR(HT) phase could be 
avoided by adopting less distorted octahedra. How- 
ever, this would necessarily reduce the dipole 
moment due to B-ion displacements, and the pre- 
ferred option is for the system to crystallize in a 
different tetragonal phase, where the dipole moments 
are non-zero and there are no O-O interactions 
which would be too short. In general, therefore, the 
tendency for a perovskite to adopt a rhombohedral 
rather than a tetragonal ferroelectric phase will 
increase as the B-ion size is increased. Although 
VA/V8 = 5 in both FR(HT) and Fr structures, i.e. the 
polyhedral volume ratio does not discriminate 
between Fr and FR(HT) phases, the FR(HT) phase 
subsequently transforms to the FR(LT) phase over 
the composition range 0.07 < x < 0.38, where VA/Vs 
<5.  

The physical basis of the phase transition from the 
FR(LT)/FR(HT) to the A0 phase at the Zr-rich end of 
the composition range is less clear. Although VA/VB is 
a minimum at this side of the FR(LT) phase field, the 
tilt angle of 5.419 ° in PZT (0.9; ICSD No. 1263) is 
only modest compared with some of the other 
rhombohedral structures in Table 1. Since the 
FR(HT) phase, in which VA/Vs = 5 and (w)= 0, also 
transforms to the Ao phase at low titanium content, 
it is unlikely that the phase transition is driven by the 
system acquiring a maximum allowed tilt angle for 
stabilization within a rhombohedral phase. 

It would probably be more appropriate to analyse 
the Ao phase of PbZrO3, and to identify the particu- 
lar features of that phase which would be destroyed 
either on heating or on substituting the smaller Ti 4 + 
ion on the B sites. Such a study would provide a 
physical basis for understanding an A0 to FR(LT)/ 
FR(HT) phase transition, but it is outside the scope 
of this paper. 

A detailed extension of the polyhedral volume 
analysis to accommodate the effects of temperature 
will also not be considered here. An interesting 
feature exists, however, in considering the FR(LT) to 
FR(HT) phase boundary, represented by ABC in Fig. 
6. At each point on this boundary, the V~/V8 ratio 
has a value exactly equal to 5, since it separates the 
FR(HT) phase, where V~/Vn = 5, and the FR(LT) 
phase field, where VA/VB < 5. A possible way forward 
in modelling the FR(LT) to FR(HT) transition would 
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be to monitor the independent variation of VA and 
VB with temperature for a series of compositions 
within the Fn(LT) phase field. The LT to HT phase 
transition temperature for a given composition could 
then be calculated as the unique temperature at 
which VA/VB reached the value of 5. 

In the absence of further experimental data, only 
an outline of this approach can be given at this stage. 
In general, it can be argued that the 006 octahedra 
are more rigid structural units than the AOI2 polyhe- 
dra. Consequently, the coefficient of thermal expan- 
sion of the BO6 octahedra will be less than that of 
the AOi2 units. Thus, for two temperatures TI and 
7"2 within the FR(LT) phase field, where T2 > T~, 
VB.r2/V&TI < Va. TJVA,TI. This trend is shown by the 
six structures with the LaCoO3 composition in Table 
1. Although they have space group 167 and not 161, 
which is the FR(LT) space group, they are charac- 
terized by non-zero values of (co), which is the critical 
factor in distinguishing between the FR(LT) and 
FR(HT) phases. A consideration of the variation in 
VA and VB over the whole temperature range from 4 
to 1248 K shows that VA/V,~ increases from 4.810 to 
4.874, with VB increasing by a factor of 1.072 and VA 
increasing by a larger factor of 1.086. The data from 
PZT (0.75) also support this trend, with VA/VB 
increasing from 4.952 to 5.000 in the temperature 
interval between 83 and 378 K. Thus, the tempera- 
ture of the FR(LT) to FR(HT) phase transition will be 
at that temperature between 293 and 378 K at which 
VA/VB first attains the value of 5. Although this 
argument is valid for LaCoO3 and PZT (0.75), it is to 
be noted that the PZT (0.9) system presents a more 
confused picture. There is clearly a need for more 
experimental structural work to test the validity of 
this approach. 
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Control of (co) by the variation of VA 

Since the above analysis is based on a ratio of 
polyhedral volumes, VAlVe, it can also be applied to 
rhombohedral systems in which VA is varied, instead 
of VB. There is little recent work in the literature 
relating to A-ion substitutions in rhombohedral 
perovskites, but Fig. 7 (Shirane & Hoshino, 1954) 
serves to demonstrate the scope for such investiga- 
tions. At the centre of the diagram is the composi- 
tion PbZrO3 in the 'antiferroelectric I' phase. 
Although this is described as tetragonal, subsequent 
investigations (Jona, Shirane, Mazzi & Pepinsky, 
1957) revealed it to be orthorhombic, with the corre- 
sponding notation of A0 in Fig. 6. 

As Ba 2+ is substituted for Pb 2+, VA/Vs increases, 
since the ionic radius of Ba z+ in 12-fold coordina- 
tion, r xI~ (Ba 2+) is equal to 1.61 A (Shannon, 1976), 
which is significantly larger than r xu (Pb z+), which is 
1.49 A. Conversely, the smaller radius of Sr 2+ 
(1.44A) compared with Pb z+ causes VA/V8 to 
decrease as Sr z+ is substituted for Pb 2+ to the 
fight-hand side of Fig. 7. 

In terms of its effect on the VA/VB ratio, Ba 2 ÷ sub- 
stitution for Pb z + is analogous to the substitution of 
Ti 4+ for Zr4+: VA/Vs in PZT (0.58)> VA/Vs in PZT 
(0.75) > VA/VB in PZT (0.9). Thus, the polyhedral 
volume analysis provides a consistent description of 
both the PbZrO3-PbTiO3 and PbZrO3-BaZrO3 
systems, in that the rhombohedral ferroelectric 
phase(s) are associated with a larger VA/VB ratio than 
that of unsubstituted PbZrO3. 

It is also consistent that Sr 2+ substitution should 
not stabilize a rhombohedral ferroelectric phase, 
since there is an associated fall in VA/V8 relative to 
the ratio in PbZrO3. Although Fig. 7 implies that 
SrZrO3 is cubic and paraelectric, as was proposed by 
Shirane & Hoshino (1954), subsequent work has 
supported the existence of SrZrO3 in an ortho- 
rhombic structure (Ahtee, Ahtee, Glazer & Hewat, 
1976). A calculation of Vsr/Vzr for this structure 
gives the value 4.660, as compared with a mean value 
for Vpb/Vzr of 4.962 in the PbZrO3 structure (Jona et 
al., 1957). The notion that VA/VB falls upon Sr 2 + sub- 
stitution is, therefore, correct. 

Some recent experimental work in our laboratory 
has been focused on PZT (0.9), PZT (0.85) and PZT 
(0.8) systems with partial substitution of Ca 2+ for 
Pb 2+ Since r TM (Ca2+), at 1.34A, is significantly 
smaller than r TM (Pb 2+), the expectation was that the 
FR(LT) PZT phase would be destabilized by the 
calcium substitution. The results of this work are to 
be published shortly. 
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Abstract 

A previously unknown leucite-related structure has 
been determined for synthetic CszCdSisO~2. NMR 
spectroscopy shows that there are five distinct tetra- 
hedral sites (T-sites) occupied by Si and one T-site 
occupied by Cd in the framework structure, while 
analysis of the synchrotron X-ray powder diffraction 
pattern establishes that this material is ortho- 
rhombic, Pbca [RI = 13.1%, R wp = 16.1%, Rex p = 
13.1%; eight formula units per unit cell; unit-cell 
parameters a =  13.6714(1), b =  13.8240 (1), c =  
13.8939 (1) ,~, V = 2625.83 (6) ,~3]. Tetrahedral 
cation ordering rates for Si and Cd are sufficiently 
high for both hydrothermally and dry-synthesized 
samples to be fully ordered. The symmetry relations 
between leucites with P2/c and Pbca structures are 
discussed and it is shown that such materials are 
related by a displacive phase transition, in which the 
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number of T-sites is reduced from 12 in P2/c to 6 in 
Pbca. The 295i MAS NMR data are, at present, less 
useful than the X-ray results for providing absolute 
T---O distances and T--O--T bond angles. 

Introduction 

As part of a wider attempt to understand the 
controls and consequences of tetrahedral cation 
ordering in compounds with framework structures, 
we are currently studying a series of synthetic leucite 
analogues having the general formula X~Y"SisO~2 
(X = K, Rb, Cs; Y = Mg, Zn, Cd). These are related 
to natural leucite (KA1Si206) and pollucite (CsAI- 
Si206) by the coupled tetrahedral framework cation 
substitution 2A1 = Y + Si (Torres-Martinez & West, 
1989). Such compounds are generally more amenable 
to tetrahedral site (T-site) analysis than AI-Si ana- 
logues and can also display significantly enhanced 
T-site ordering kinetics compared with the 
KAISi206-type compound. For example, dry synthe- 
sized KzMgSi50~2 leucite is cubic la3d with a dis- 
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